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Pions in magnetic field at finite temperature
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Pions in external magnetic field are investigated in the frame of a Pauli-Villars regularized Nambu–
Jona-Lasinio model. The meson propagators in terms of quark bubbles in Ritus and Schwinger
schemes are analytically derived, and pion masses are numerically calculated in the Ritus scheme.
For neutral and charged pions at finite temperature, there exist respectively one and three mass
jumps at the corresponding Mott transition points, due to the discrete energy levels of the two
constituent quarks in magnetic field.
PACS numbers: 11.30.Rd, 14.40.-n, 21.65.Qr
I. INTRODUCTION
The electromagnetic field effect on Quantum Chromodynamics (QCD) matter draws much attention in recent
years, due to its close relation to high energy nuclear collisions [1–9], compact stars [10–20] and cosmological
phase transitions [21–24]. There appear many interesting topics, such as inverse magnetic catalysis in chiral
and deconfinement phase transitions [25–32], charged vector meson condensation in vacuum [33, 34], and chiral
magnetic effect induced by nontrivial topological structure of QCD [1–4].
An important question in the study of electromagnetic fields coupled to strong interaction is the change in
hadron properties. The hadron properties in external electromagnetic fields depend on whether we consider the
hadron inner structure. For instance, for neutral hadrons, they do not have any interaction with electromagnetic
fields, if we neglect the charged constituent quarks. Meson properties in electromagnetic fields are widely studied
in effective models at hadron level, such as in chiral perturbation theory [35–37] and linear sigma model [38], and
at quark level, such as in Nambu–Jona-Lasinio (NJL) model [39–50] and lattice QCD simulations [34, 51–53].
In the NJL model at quark level, mesons are treated as quantum fluctuations above the mean field for quarks.
They are usually introduced through random phase approximation (RPA) or bosonization [39, 54–58]. Under
bosonization, the quark system in the original NJL model is changed into a meson system, which works well in
the low temperature region. The advantage of the RPA method is its application at both low and high tempera-
tures [58], since the RPA method leads to a quark-meson system, where quarks dominate the thermodynamics at
high temperature and mesons control the system at low temperature. The neutral mesons (π0, σ) in magnetized
NJL model are investigated by taking different methods [40–47], all giving consistent results with the lattice QCD
in low temperature limit [34, 51–53]. However, the charged mesons, like π± and ρ±, have not yet been satisfactorily
investigated. The difficulty lies in the lack of translational invariance, when external electromagnetic fields are
turned on. As a result, the Fourier transformation between coordinate and momentum spaces is not as simple
as for neutral mesons. In some of the calculations, charged mesons are studied by simply assuming translational
invariance [47–50]. Recently, π± mesons are constructed in a magnetized NJL model through bosonization [45],
obtaining reasonable pion masses at low temperature but failing at high temperature. Charged pions in vacuum are
also studied [46] by employing the Ritus eigenfunction method. In this paper, by seriously taking into account the
breaking of translational invariance, we investigate at finite temperature π± mesons under an external magnetic
field through the RPA method in the NJL model.
II. FORMALISM
The SU(2) NJL model is defined through the Lagrangian density in terms of quark fields ψ [39, 54–57]
L = ψ¯ (iγµDµ −m0)ψ +G
[(
ψ¯ψ
)2
+
(
ψ¯iγ5~τψ
)2]
, (1)
where the covariant derivative Dµ = ∂µ + iQAµ couples quarks with electric charge Q = diag(Qu, Qd) =
diag(2e/3,−e/3) to the external magnetic field B = (0, 0, B) in z-direction through the potential Aµ =
(0, 0, Bx1, 0), G is the coupling constant in scalar and pseudo-scalar channels, and m0 is the current quark
mass characterizing the explicit chiral symmetry breaking. We use throughout the paper the definition xµ =
(x0, x1, x2, x3) and p
µ = (p0, p1, p2, p3).
In mean field approximation, the thermodynamic potential of the system at finite temperature T and external
magnetic field B contains the mean field part and the quark part,
Ωmf =
(mq −m0)2
4G
+Ωq,
Ωq = −Nc
∑
f,n
αn
|QfB|
2π
∫
dp3
2π
[
Ef + 2T ln
(
1 + e−Ef/T
)]
(2)
2with the summation over all flavors and Landau energy levels, spin factor αn = 2 − δn0, quark energy Ef =√
p23 + 2n|QfB|+m2q, and the number of colors Nc = 3 which is trivial in the NJL model. The chiral condensate
〈ψ¯ψ〉 or the dynamical quark mass mq = m0 − 2G〈ψ¯ψ〉 is controlled by the minimum of the thermodynamic
potential [29–32],
∂Ωmf
∂mq
= mq(1− 2GJ1)−m0 = 0 (3)
with
J1 = Nc
∑
f,n
αn
|QfB|
2π
∫
dp3
2π
tanh
(
Ef
2T
)
Ef
. (4)
As quantum fluctuations above the mean field, mesons are constructed through quark bubble summation in the
frame of RPA [39, 55–58]. Namely, the quark interaction via a meson exchange is effectively described by using
the Dyson-Schwinger equation,
DM (x, z) = 2Gδ(x− z) +
∫
d4y 2GΠM (x, y)DM (y, z), (5)
where DM (x, y) represents the meson propagator from x to y, and the corresponding meson polarization function
is the quark bubble,
ΠM (x, y) = iTr [Γ
∗
MS(x, y)ΓMS(y, x)] (6)
with the meson vertex
ΓM =

1 M = σ
iτ+γ5 M = π+
iτ−γ5 M = π−
iτ3γ5 M = π0 ,
Γ∗M =

1 M = σ
iτ−γ5 M = π+
iτ+γ5 M = π−
iτ3γ5 M = π0 .
(7)
The quark propagator matrix in flavor space S = diag(Su, Sd) is at mean field level, and the trace is taken in
spin, color and flavor spaces.
There are two equivalent ways to treat the quark and meson propagators in magnetic field, the Schwinger
scheme [31, 32] and the Ritus scheme [59–64]. In the following, we derive the meson pole equations with the two
methods and make comparison between them.
A. Ritus scheme
In Ritus scheme, one can well-define the Fourier-like transformation for the particle propagator from the con-
served Ritus momentum space to coordinate space [59–64]. The quark propagator with flavor f in coordinate
space can be written as
Sf (x, y) =
∑
n
∫
d3p˜
(2π)3
e−ip˜·(x−y)Pn(x1, p2)Df (p¯)Pn(y1, p2),
Pn(x1, p2) =
1
2
[
g
sf
n (x1, p2) + Ing
sf
n−1(x1, p2)
]
+
isf
2
[
g
sf
n (x1, p2)− Ingsfn−1(x1, p2)
]
γ1γ2,
D−1f (p¯) = γ · p¯−mq, (8)
where p˜ = (p0, 0, p2, p3) is the Fourier transformed momentum, p¯ = (p0, 0,−sf
√
2n|QfB|, p3) is the conserved
Ritus momentum with n describing the quark Landau level in magnetic field, sf = sgn(QfB) is the quark
sign factor, the magnetic field dependent function g
sf
n (x1, p2) = φn(x1− sfp2/|QfB|) is controlled by the Hermite
polynomialHn(ζ) via φn(ζ) =
(
2nn!
√
π|QfB|−1/2
)−1/2
e−ζ
2|QfB|/2Hn
(
ζ/|QfB|−1/2
)
, and In = 1−δn0 is governed
by the Landau energy level.
In order to illustrate the Ritus scheme clearly, let’s first use neutral mesons as a simple example. In this case,
the meson momentum k = (ω, k1, k2, k3) itself is conserved, and the meson propagator and the corresponding
meson polarization function in momentum space are just the normal Fourier transformation of their expressions
in coordinate space,
DM (k) =
∫
d4(x− y)eik·(x−y)DM (x, y),
ΠM (k) =
∫
d4(x− y)eik·(x−y)ΠM (x, y) (9)
3for the pseudo-Goldstone mode M = π0 and Higgs mode M = σ. By taking the quark bubble summation in
RPA and considering the complete and orthogonal conditions of the plane wave e−ik·x, the meson propagator in
momentum space can be simplified as
DM (k) = 2G
1− 2GΠM (k) . (10)
The meson pole mass mM is defined as the pole of the propagator at zero momentum k = 0,
1− 2GΠM (ω = mM ,0) = 0, (11)
where the polarization function is greatly simplified at k = 0,
ΠM (ω,0) = J1 − (ω2 − ǫ2M )J2(ω2), (12)
J2(ω
2) = −Nc
∑
f,n
αn
|QfB|
2π
∫
dp3
2π
tanh
(
Ef
2T
)
Ef (4E2f − w2)
with ǫpi0 = 0 and ǫσ = 2mq.
In chiral limit with zero current quark mass m0 = 0, by comparing the gap equation (3) for mean field quark
mass mq with the pole equation (11) for neutral meson mass mM , we have the simple relation in the chiral
symmetry breaking phase,
mpi0 = 0, mσ = 2mq. (13)
This confirms that π0 is the Goldstone mode corresponding to the spontaneous chiral symmetry breaking in
external magnetic field.
The above discussed chiral condensate 〈ψ¯ψ〉 and the pseudo-Goldstone mode π0 and Higgs mode σ are charge
neutral, and they are affected by the external magnetic field only through the pair of charged quarks. As a
consequence, the transformation from coordinate space to momentum space is a conventional Fourier transforma-
tion, characterized by the plane wave e−ikx. In this case, the equations determining the condensate and meson
masses are formally the same as that at B = 0 [58], except for a replacement of the quark momentum integration
2Nf
∫
d3p/(2π)3 by
∑
f,n αn|QfB|/(2π)
∫
dp3/(2π).
We now turn to charged mesons. In Ritus scheme [59–64], the Fourier transformation for neutral mesons (9) is
extended to
DM (k¯) =
∫
d4xd4yF ∗k (x)DM (x, y)Fk(y),
ΠM (k¯) =
∫
d4xd4yF ∗k (x)ΠM (x, y)Fk(y) (14)
for charged mesons M = π± with spin zero, where Fk(x) = e
−ik˜·xgsMl (x1, k2) is the solution of the Klein-Gordon
equation with the index l describing meson Landau level in magnetic field, the Fourier transformed momentum
k˜ = (k0, 0, k2, k3) and the meson sign factor sM = sgn(QMB), and k¯ = (k0, 0,−sM
√
(2l+ 1)|QMB|, k3) is the
conserved four-dimensional Ritus momentum.
Taking into account the complete and orthogonal conditions∑
l
∫
d3k˜
(2π)3
Fk(x)F
∗
k (y) = δ
(4)(x− y), (15)∫
d4xFk(x)F
∗
k′ (x) = (2π)
4δ(3)(k˜ − k˜′)δll′ , (16)
and the Dyson-Schwinger equation (5), the meson propagator in momentum space can be simplified as
DM (k¯) = 2G
1− 2GΠM (k¯)
. (17)
Obviously, the propagator for charged mesons has the same structure as for neutral mesons, the only difference
lies in the momentum k for π0 and σ and k¯ for π±. For neutral mesons which do not interact with the magnetic
field as a whole object, the momentum k = (ω,k) itself is conserved, and the solution of the Klein-Gordon equation
is just the plane wave. For charged mesons, however, the solution of the magnetized Klein-Gordon equation is
Fk(x) and k¯ is conserved.
The pole mass mM for charged mesons is defined through the singularity of the meson propagator D−1M (k¯) = 0
at k0 = mM , l = 0 and k3 = 0,
1− 2GΠM (mM , 0,−sM
√
|QMB|, 0) = 0. (18)
4We now calculate the charged meson polarization function in Ritus-momentum space. Taking the mean field
quark propagator (8) and the definition (6) for the quark bubble, we have the π+ polarization function
Πpi+(x, y) = 2i
3NcTrD [γ5Su(x, y)γ5Sd(y, x)]
= 2i3Nc
∑
n,n′
∫
d3p˜d3q˜
(2π)6
e−i(p˜−q˜)(x−y)
× TrD
[
Pn(x1, q2)Pn′(x1, p2)
−γ · p¯+mq
p¯2 −m2q
+ Pn(y1, q2)Pn′(y1, p2)
γ · q¯ +mq
q¯2 −m2q
]
(19)
in coordinate space and
Πpi+(k¯) = 8i
3Nc
∫
d4xd4y
∑
n,n′
∫
d3p˜d3q˜
(2π)6
e−i(p˜−q˜−k˜)(x−y)
× g+l (x1, k2)g+l (y1, k2)
[
A+(x1, y1, k2)
m2q − p¯0q¯0 + p¯3q¯3
(p¯2 −m2q)(q¯2 −m2q)
+A−(x1, y1, k2)
p¯2q¯2
(p¯2 −m2q)(q¯2 −m2q)
]
(20)
in Ritus-momentum space with
A±(x1, y1, k2) = α+(x1, k2)α+(y1, k2)± α−(x1, k2)α−(y1, k2),
α±(z, k2) =
1
2
[
Ing
sd
n−1(z, q2)g
su
n′ (z, p2)± u↔ d
]
. (21)
Doing the integrations over x0, x2, x3 and y0, y2, y3, we obtain the momentum conservation relation p˜ = q˜+ k˜. At
finite temperature, the integration over the particle energy is replaced by the Fermion/Boson Matsubara frequency
summation in the imaginary time formalism of finite temperature field theory. After a straightforward derivation,
we have the π+ polarization function at the pole,
Πpi+(k0, 0,−
√
|eB|, 0) = J1 + J3(k20),
J3(k
2
0) =
∑
n,n′
∫
dq3
2π
jn,n′(k
2
0)
4EnEn′
[
f(−En′)− f(En)
k0 + En′ + En
+
f(En′)− f(−En)
k0 − En′ − En
]
,
jn,n′(k
2
0) =
(
k20/2− n′|QuB| − n|QdB|
)
j+n,n′ − 2
√
n′|QuB|n|QdB| j−n,n′ ,
j±n,n′ =
∫
dx1dy1dq2/2πA±(x1, y1, k2), (22)
with the quark energies En′ =
√
p23 + 2n
′|QuB|+m2q and En =
√
q23 + 2n|QdB|+m2q and Fermi-Dirac distribu-
tion function f(E) = 1/(eE/T + 1). It is easy to prove that the integration over x1, y1 and q2 is independent
of k2. Since the spins of u and d¯ quarks at the lowest-Landau-level are always aligned parallel to the external
magnetic field, and π+ meson has spin zero, the lowest-Landau-level terms with n = n
′ = 0 do not contribute to
the polarization function, described by j±0,0 = 0.
Considering that the charged pions π± with zero spin are Hermite conjugation to each other, they have the same
mass even under external magnetic field. In chiral limit, by comparing the quark gap equation (3) with the pole
equation (18) for π+, it is clear that k0 = mpi+ = 0 is not the π+ pole mass. Under external magnetic field, the
SU(2)⊗SU(2) chiral symmetry is explicitly reduced to U(1)⊗U(1), charged pions π± are no longer the Goldstone
modes of spontaneous chiral symmetry breaking.
B. Schwinger scheme
In Schwinger scheme, the particle propagator in magnetic field is composed of two parts, one is related to
the Schwinger phase which breaks the translational invariance, and the other is a Fourier transformation of the
translational invariant propagator. For instance, the quark propagator with flavor f can be written as [31, 32]
Sf (x, y) = e
iΦf (x⊥,y⊥)
∫
d4p
(2π)4
e−ip(x−y)S˜f (p⊥, p‖) (23)
with the parallel and perpendicular components of the four-dimensional coordinate and momentum, x⊥ = (x1, x2),
p⊥ = (p1, p2) and p‖ = (p0, p3). The quark Schwinger phase Φf is defined as
Φf (x⊥, y⊥) = sf
(x1 + y1)(x2 − y2)
2l2f
(24)
5with lf = |QfB|−1/2. The translational invariant propagator S˜f (p⊥, p‖) can be decomposed into contributions
from different Landau levels,
S˜f (p⊥, p‖) = e
−p2⊥l
2
f
∑
n
(−1)nDn(p⊥, p‖)
p2‖ −m2q − 2n|QfB|
(25)
with
Dn(p⊥, p‖) = 4 (γ⊥ · p⊥)L1n−1(2p2⊥l2f ) +
(
γ0p0 − γ3p3 +mq
) (
s−Ln(2p
2
⊥l
2
f )− s+Ln−1(2p2⊥l2f )
)
(26)
and s± = (1± iγ1γ2sf ), where Ln(z) and Lan(z) are Laguerre and generalized Laguerre polynomials.
Similarly, the meson propagator with spin zero can be generally written as [31, 32],
DM (x, y) = eiΦM (x⊥,y⊥)
∫
d4k
(2π)4
e−ik(x−y)D˜M (k⊥, k‖) (27)
with the meson Schwinger phase ΦM (x⊥, y⊥) = sM (x1+y1)(x2−y2)/(2l2M ), lM = |QMB|−1/2 and the translational
invariant meson propagator D˜M (k⊥, k‖).
Substituting the quark propagator (23) and meson propagator (27) into the Dyson-Schwinger equation (5), and
doing the integration over y, the π+ propagator satisfies the relation,∫
d4k
(2π)4
e−ik(x−z)D˜pi+(k⊥, k‖)
= 2Gδ(x− z) + 4i3NcG
∫
d4pd4q
(2π)8
e−i(q−p)(x−z)D˜pi+(k′⊥, k′‖)TrD
[
γ5S˜u(q⊥, q‖)γ
5S˜d(p⊥, p‖)
]
(28)
with the new meson momentum k′ = (k′0, k
′
1, k
′
2, k
′
3), k
′
0 = q0 − p0, k′1 = −|eB|(x2 − z2)/2 + (q1 − p1), k′2 =
−|eB|(z1 − x1)/2 + (q2 − p2) and k′3 = q3 − p3. This is an integral equation for charged meson propagator. The
dependence of the new momentum k′ on the coordinate x− z is a direct result of the nontrivial Schwinger phase
for charged mesons.
For neutral mesons π0 and σ, we simply have k
′ = k = q − p and the meson Schwinger phase is automatically
cancelled. Therefore, the propagator becomes
D˜M (k) = 2G
1− 2GΠ˜M (k)
,
Π˜M (k) = i
3Nc
∑
f
∫
d4p
(2π)4
TrD
[
γ5S˜f (p+ k)γ
5S˜f (p)
]
. (29)
It is easy to prove that the polarization function at the pole is exactly the same as (12) in Ritus scheme.
In the end of this section, let’s briefly compare the Ritus and Schwinger schemes in constructing mesons under
external magnetic field. The difference is the treatment of the breaking of translational symmetry by the magnetic
field. A conserved momentum, called Ritus momentum, is introduced in the Ritus scheme and a Schwinger phase
is embedded in the particle propagator in the Schwinger scheme. For neutral mesons, the Ritus momentum is
reduced to the normal momentum and the Schwinger phase disappears automatically, the two schemes are both
convenient and give the same analytic formula. For charged mesons, we still obtain an algebraic equation for
the meson propagator in terms of the conserved Ritus momentum, while the nontrivial Schwinger phase leads to
an integral equation for the meson propagator which is more difficult to extract the meson properties. In the
following, we make numerical calculations in Ritus scheme.
III. NUMERICAL RESULTS
Because of the four-fermion interaction, the NJL model is not a renormalizable theory and needs regularization.
The magnetic field does not cause extra ultraviolet divergence but introduces discrete Landau levels and anisotropy
in momentum space. To guarantee the law of causality in anisotropic systems, we take into account the Pauli-
Villars regularization scheme [65]. The three parameters in the NJL model, namely the current quark massm0 = 5
MeV, the coupling constant G = 3.44 GeV−2 and the momentum cutoff parameter Λ = 1127 MeV in the Pauli-
Villars regularization are fixed by fitting the chiral condensate 〈ψ¯ψ〉 = −(250 MeV)3, pion mass mpi = 134 MeV
and pion decay constant fpi = 93 MeV in vacuum at T = B = 0.
The magnetic field dependence of the pion masses at zero temperature is shown in Fig.1. As the pseudo-
Goldstone mode, the π0 mass is a monotonically decreasing function of the magnetic field, m
2
pi0(B) ≃ m2pi−0.02|eB|.
Due to the isospin symmetry breaking by the external magnetic field, charged pions π± are no longer the pseudo-
Goldstone modes and become heavier than the π0 meson. The π± mass increases fast with the magnetic field,
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FIG. 1: The scaled pion and quark masses as functions of magnetic field at T = 0.
m2pi±(B) ≃ m2pi+2|eB|. Our calculations here are qualitatively consistent with the results of other NJL models [39–
46], hadron models [35–38] and lattice QCD simulations [34, 51–53].
The temperature dependence of the quark and pion masses is plotted in Fig.2 at different magnetic field
eB/m2pi = 0, 10, 20. The dynamical quark mass is gradually melted with increasing temperature, indicating
the chiral symmetry restoration. As we discussed in Ref.[44], the pseudo-Goldstone mode π0 is controlled by the
chiral symmetry, and the mass increases in both symmetry breaking phase at low temperature and symmetry
restoration phase at high temperature. When the magnetic field is turned on, there appears a mass jump at the
Mott transition temperature Tm where mpi0 suddenly jumps up from mpi0 < 2mq to mpi0 > 2mq. Looking back
to the pole equation (11), the jump arises from the infrared singularity of the polarization function Πpi0(2mq,0)
at the lowest Landau level (n = 0). From our numerical calculation, we have the pseudo critical temperature of
chiral symmetry restoration, which is defined by the maximum change of quark mass, Tc = 156, 164, 180 MeV and
the Mott transition temperature Tm = 167, 160, 147 MeV at magnetic field eB/m
2
pi = 0, 10, 20.
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FIG. 2: The quark and pion masses as functions of temperature at different magnetic field.
At finite magnetic field and finite temperature, the charged pions π± behave totally different from the neutral
pion π0. The mass mpi± and mpi0 approach to each other only in high temperature limit where the finite magnetic
field effect is strongly suppressed by the thermal motion, and the translational invariance and isospin symmetry are
7gradually recovered. Unlike the one mass jump at the Mott transition temperature Tm for the pseudo Goldstone
mode, there are three jumps for the charged meson massmpi± . The difference comes from the structure of the meson
polarization function ΠM at the pole. For neutral mesons, the constituent quark and antiquark carry the same
amount of charge and have the same energy Ef =
√
p23 + 2n|QfB|+m2q and the same mass Ef (p3 = n = 0) = mq.
Therefore, the Mott transition point is located at mpi0 = 2mq. For charged mesons, however, the constituent
quark and antiquark carry different amount of charge and have different energies Eu =
√
p23 + 2n
′|QuB|+m2q and
Ed =
√
p23 + 2n|QdB|+m2q. As we analyzed in the last section, the two constituents at the lowest Landau level
(n = n′ = 0) do not satisfy the pole equation (18), namely they can not form a charged meson. In this case,
the charged meson decay π+ → u + d¯ happens at three threshold energies, mpi+ = mq +
√
2|QuB|+m2q,mq +√
2|QdB|+m2q and
√
2|QuB|+m2q +
√
2|QdB|+m2q. Since the polarization function Πpi+ in the pole equation
(18) is infrared divergent at these three threshold energies, there are three mass jumps for π+ shown in Fig.2. For
magnetic field eB/m2pi = 10 and 20, the three jump temperatures are respectively T
+ = 157, 171, 197 MeV and
160, 172, 187 MeV.
The mass jumps for π0 and π± are caused by the discrete energy levels of constituent quarks, although the
locations of jumps are different. When the magnetic field is turned off, there will be no more discrete energy
levels, the integration in the polarization function
∫
d3p/(2Ef − ω) ∼
∫
pdp becomes finite at the threshold, and
the mass jumps disappear automatically, see the upper panel of Fig.2. It is also necessary to point out that, in
hadron models like chiral perturbation theory, linear sigma model and bosonized NJL model where hadrons are
taken as elementary particles, the pion mass changes with temperature continuously [35–38, 45].
In above calculations, we treated quarks in mean field approximation and mesons in RPA. Since quarks are
calculated at mean field level, there are magnetic catalysis effect at both low and high temperatures: the quark
mass at T = 0 shown in Fig.1 and the critical temperature Tc shown in Fig.2 increase with magnetic field. The
former agrees with almost all the models [29–32] but the latter is in contrast with the inverse magnetic catalysis
obtained in lattice QCD simulations [25–28]. What is the behavior of the pion masses if we take the inverse
magnetic catalysis into account? To answer this question in the NJL model, we still take the gap equation (3) but
use a magnetic field dependent coupling G(B) by fitting the critical temperature Tc from the lattice simulation [25].
We numerically checked that, while the location of the mass jump is modified by such a B-dependent coupling,
the jump itself still survives, since it is a direct consequence of the discrete quark energy level in magnetic field.
IV. SUMMARY
Pions, including neutral and charged pions, in magnetic field are systematically investigated in the frame of a
Pauli-Villars regularized NJL model. Seriously taking into account the breaking of translational invariance for
charged particles, we construct mesons in coordinate space with RPA method. By defining an appropriate Fourier-
like transformation from coordinate space to the conserved momentum space in Ritus scheme, which is carried
out by the eigenfunctions of the magnetized Klein-Gordon equation for mesons, an algebraic equation for meson
propagator is obtained in the momentum space. This is a general method and can be extended to other charged
mesons like K and ρ.
The magnetic field breaks down the isospin symmetry and leads to a mass splitting between neutral and charged
pions. At zero temperature, while the pseudo-Goldstone mode π0 is only slightly affected by magnetic field,
charged pions π± become much heavier in the field. This magnetic field dependence is qualitatively consistent
with the lattice QCD simulation. At finite temperature, a significant magnetic field effect is the meson mass
jump at the Mott transition point due to the discrete quark energy level. For neutral pion, the constituent quark
and antiquark can be both at the lowest Landau level, and there is only one jump at the Mott transition point.
For charged mesons, however, the two constituents at the lowest Landau level are forbidden, and there are three
jumps at the three meson threshold energies for the Mott transition.
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